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CONTRIBUTIONS TO THE THEORY OF INCOMPLETE TENSION BAY*

By E. Schapitz

In a2 metal panel stressed simultaneously in shear and
compression, the stress distribution immedliately after
buckling 1s atill nonuniform and the second principal
stress 1s not as yet negligible. This conditlon designat-
ed as "incomplete tension bay" is described by the present
theory for the general case of combined stresses and elas—
tlcally flexibdle stlffeners. The behavior of the buckled
pPlate ls marked by two factors, one of which characteriszes
the distribution of stress, the other the geometrical de-
formation which occurs with curved metal panels. The va-
riation of the factors with the stresses and deformations
muet be obtalned by experiments.

SUMMARY

The present report offers an approximate theory for
the stress and deformgtion conditlon after buckling of the
skin 1n relnforced panels and shells loaded in simple
shear and compression and under combined stresses. The
theory presents a unified scheme for stresses of these
types; 1t 1s based upon the concept of a nonuniform stress
distribution in the metal panel end 1ts marked power of
reslstance against compressive stresses ("incomplete" ten-
sion bay). The stress distribution in the metal skin 1is
designated by the factor w which disappears with the
gradual approach of the condition of "complete® tension
bay; that is, the uniform stress distridution. In pure
compressive stress a relatlon exists between factor w
and the "apparent" width. The geomstrical distortion of
curved metel panels under shear 1s expressed by the factor
Ly which also varies with the load and, on approaching

the complete tenaion panel tends toward 1ts maximum val-

ue { = = gir. At the point of buckling the calculation

*“Beitrgge gur Theorie des unvollstandligen Zugfeldes."
Luftfahrtforechung, vol. 14, no. 3, Iarch 20, 1937,
ppe. 129-136.
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€008 over into the theoroms of the elasticlty theory.

The factors w and {y are obtainable from stress

and deformatlon measurements on shell bodies. The stress
distridution factor w 1in flat penel strips can, by vir-
tue of Wagner and Lahde'!s experiments, be expressed in a
simple formula. Further experiments, particularly on
curved panels, are under way at the D.V.L,

The conditlion immedlately after buckling 1s in need
of a theoretical analysis dy more accurate energy methods,
because thls field presents great experimental obstacles,
and such an analysis would afford a check on several baslc
assumptions of the calculation method.

I. IRTRODUCTION

The stresses and deformations in thln-walled, rein-
forced panels and shells under shear stress are usually
calculated for the condition after buckling of the skin
by Wagner!s tension bay theory (reference l1). This theory
assumes a uniform stress condition in a fleld bounded dy
stiffeners while disregarding for the time the compressive
gstresses taken up by the buckled sheet. The duckling
stiffness of the sheet can be allowed for by superposing
the stress conditlon prior to dbuckling on the tension bay
(reference 2).

The experiments of Wagner and Lahde on metal strips
(reference 3), the torsion tests of the DeV.L. on stiff-
ened circular eylindrical shells (reference 4), and much
practical experience have shown that the conditlon of
Wagner?s tension bay 1is esymptotically reached when the
shear stress transmitted by the metal skin reaches around
50 to 100 times the buckllng shear stress., But the in-
terim stage immediately after buckling 1s marked dy non-
uniform stress digtribution and by a consideradle influ-
ence of the compressive stresses still taken up by the
buckled sheet. This condition 1s hereinafter designated
as "lncomplete tenslon bay." The stlffeners in the incom=
vplete tension bay are under smaller load than Wagner's
theory would stipulate.

In monocoque alrplane designe, buckling of the cov-
ering is usually permitted at a load producing stresses
between 10 and 50 percent of the allowable stresses.
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That 18, the covering of the structural part in faill-
ing condition ie still in the condition of lncomplete ten-
slonal bay. The need for a far more reflined calciilation
of bodles and wings makes a comprehensive investigation of
this condition desirable, although the calculation accord-
ing to Wagner's assumptions is always on the "safe" side.

The purpose of the present investigation is to de-
velop an approximate theory for the calculation of the
stresses and deformations if stiffened panels and shells
after buckling of the skin. The theory covers the cases
of pure shear, pure compression, and combined stress.

The calculatlon of the stress distridution in the skin
bucklen and the determination of the form of buckle by en-
ergy methods (reference 5) 1s foregone in favor of an as-
sumed stress distribution law which 1s adapted to the test
results through the introduction of a characteristic fac-
tor. The geometrical deformation in curved sheets 1s
treated in the same fashion. These factors can be obtalned
from tests with metal panels, partiel shells, or reinforced
clrcular cylindrical shells.

After a survey of the buckling conditions for flat
and curved metal panels, we proceed to a detalled analysis
of the fundemental sessumptions underlying the approximate
theory and to the presentation, according to this theory,
of the analysls of the stresses and the deformatlons in
etiffenedé shells with buckled skin. Lastly, the determil-
natlon of the stress distribution factor from the experi-
mental results by Wagner and Lahde (referonce 3) 1s glven.

The particular problem treated by the approximate the-
ory, 18 rs follows: A cylindrical shell pection of uni-
form (vanisghing in the limiting case) curvature (fig. 1) 1is
simultencously stressed by shearing and normal foroes.

The oppliocd loads are uniformly distributed over tho pe-
riphory; the normal forces act only in the dirocction of
the elements of the cylinder.

What, in the case of elastically flexible stiffeners,
are the stresses and deformgtions at glven load or the
forces neceassary to reach predetermined deformations?
Speclal cdses are: pure compression, treated heretofore
chiefly from the point of vlew of apparent width (refer-
ence 6) and pure shear (references 4, 3, and 2),.



4 - H.A.C.As Tochnlcal Momorandum No. 831

I1. THE - BUCKLING OF - HETAL PANELS UNDER

SIMPLE AND COMBILNED STRESSES

Tho buckling conditions for flat and curved panels
and strips as woll as for unstiffencd circular cylindrical
sholls undor simplo stressos, havc becen compiled 1In Table
of Formulas (p. 22), A discussion of tho formulas can be
found in Ebner's roport on gholl bodies (roferonce 7),
whiio & comprchonslvo list of references on thls subject
is given in the report by Ebner and Heck (reference 8).

The conditlons of duckling for comblned loading due
to normal and shearing forces have not been cleared up as
yet for all cases. For the flat strip under combined
stress, Wogner (reforence 9) glves:

‘e
Ok Tk )
= 2 1 = S (1)

whore gy and Ty are the critical stresses fer buckling
under combined load, and o, and T, the critical stress-

es for buckling in simple compression and shear, respec-
tively. BHe gives n = 2 for the exponent n for the long
strip, while Chwalla (roference 10) holds this approxima-
tion admissible for square plates only, and claims that

for greater ratios of a/bd (fig. 2), a curve composed of
geveral branchces is required. 3Brldget, Jerome, and Vosse-
ler (reference 11) also give the formula (1) with an ex-~
ponent n = 3 for the criticel combincd stress of the un-
stiffened circular cylinders; slthough the test data, upon
wailch .thls 1s basod, disclose a wide scatter. Wagner and
Ballerstodt (roferonce 12) found tho relation (1) conflirmed
in tkoir buckling tosts with short thin-~wallod motal cylin-
dors in the rango of suporposcd comprossivo stressos, whlle
arrliving at a linoar rolgptionsklip botwoon gk and X

o] TO

with suporposcd tonslon strossos. Concornlng tho curvod
pancl or curved strip, detallod studlics aro as yot lacking,
although 1t is likoly thnt formula (1) will still bo ap-
plliceblo for dotormining the critical strcssos and that
exponont llios botween 2 = 2 and n = 3. Herelnafter, the
relatlon expressed by formule (1) is designated as "buck-
ling function" (fig. 2). It must always be symmetrical

to the Uk/cb axls and have ~ horlzontal tangent for
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T =0, bDecause a reversal of direction of shear stress
qug not“agfect the critical stresses.

"o -

For further studles, the gritigal principal gtress
oék' which at the critical gtress (ck.Tk) acts as maxi?

mum.compressive stress, is of importance. If Op is the
criticel normal stress and T, the oritical shear stress,
the critical principeal stress opp follows from the gen=

eral law of the plane stress condition as:
T ) a
ok = = (T - lv/ak +4 T |) (2)

Here the normal stresses, belng compressive, are put down
negative. For Op = - Oy, Opy Dbecomes = - g, and for

Ok = 0, Opxx becomes = ~ Ty, Opk remalns a compressive

strecs even by superposition of great tensile stresses.

If the. buckling function is plotted in the o - T system
of coordinates, then Mohr's circle affords a simple graph-
ical nmeans of determining the critical principal stress
o2k (fig. 3). The radius of Mohrt!s circle corresponds to
the nrinclpel shear stress:

Tma.x = 4

Buckling 1¢ accompanied by 2 stress rearrangement.

In pure compression the compressive stress in the center

of the panel between stiffeners remains almost oconstant,
and of the avproximate order of magnitude of the bdbuockling
stress (reference 5), while with increasing load the stress
in the stringers and in the adjoining parts of the panels
lncreases materinlly. In pure shear the second principal
stross o, after buckling is determined by the flexural

stiffness of the skin and by the membrane stresses set up
at the skin wrilnkles as a result of thelr curvature in the
principel tension directlon. Here also the sldes of the
panels are able to carry more than the center. The prin-
cipal tenslle stress o, absorbs the principal share of

the chear streas snd the stiffeners which carried no load
before buckling, receive after duckling considerable
stresses’ which may lead to failure of the structure. (Cf.
Schapitz and others.) |
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III. THEORETICAL CONSIDERATIONS CONCERNING
THE INCOMPLETE TEHSION BAY

l. Genersl Stress and Strain Equations

The calculation of the "incomplete tension bay"
formed after buckling, rests on the theories of plane
straln and plane stress. Figure 4 shows a sectlon between
two stringers and two bulkheads. ~On curved shell sec~
tions (fig. 1) the y-direction is in peripheral direction,
and the x-directlon 1s in direction of the elements of the
surface and consequently, that of the external normal
forces.

Accordlng to thoe theory of plane strain, the angle
a' between tho principal straln direction and the posi-
tive x~axis (¢ 1s the maxzimum positive strain) 1is:

€~ € .
tan® ot = ——& (3)

oy

Assuming for tho present, givon normnl stralns, the shear-
ing stroin 1s:

Vyy=2 cot al(e-g)=2 tan m‘(C—Ey)=2/(€—€x)(€"€y) (4)

In pure tenslon, € = €, o~nd tan a! = 0; 1ln pure com-

pression, ¢ = €y and cot a?! = O. PFrom (4) it follows

ny disnppears 1n both cases.

In curved metal panels the irrogular distortion bound
up with tho buckling is replacod by ~ mean contraction of
the skin in peripheral direction. Thls shortening of the
periphery due %to wrinkling (designated hereafter by gy)

1s determined as follows: The traces of the central sur-
face of the buckled skin on the longitudinagl section planes
formed by the radli of cvurwaturo and the elements of the
cylinder, are of wave form (fig. 5), end permit by suffi-
clently great shell length the unique determlnation of one
mean skin radius each in every sectional plane. The base
line of the cylindrical surface ("substitute surface”)
formed by these mean radli, passes between the stiffeners
usually botween the original arc and the chord and 1s,

with great shell length, symmetrical to the "panel center!
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(fig. 5). If ©Dby! 1s its arc length between the stiffen-
ers,.and. by-.the original arc length, the wrinkling ;y

B! - by
is defined by gy = -—-;;——-. If the wrinkling shortens

the arc to the chord, then (with @, = by/ry)

2ry sin %; - rg @,
TR P2

{y

The series development of gin %% leads, when broken off

after the term of the third degree, to the form gy = -
P, * '
Ei—. It is the hlghest value the wrinkling can assume.

In flat metal venels the wrinkling vanighes by virtue of
the wave symmotry wlith respoct to the original center
plane of the mstal skin.

The investlgation of the stress condlition.ls based on
the conslderation of the equilibrium of a skin element
(fig. 6)s If o0, 18 the normal stress in the ‘section
perpendicular to the x-direction, 0, the normal stress in

the section pernendicular to the y-~direction, and o the
angle of principal axis and x-axis, the equilidrium equa-
tions read:
0, =0p + T tan o and 0, = gp + T cot
From the general laws of the stress conditilon follows:
O, + Og = Op + Op
Trangformed, these relationa'give:
g, = —— cos a + O
1 ain & ! 8
Or = T tén a +0g > " (5)
On =T cot o + og

From the fundemental equations of the plane stress
condlitions :

“This method of expressing the wrinkling was first intro-
duced by He Wagner. -
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80y . OT 00p ar
3y +_az = 0. and 3 -f aV =0

"

it is .seen that with equal shear stress at every point
30‘1. ao'n . ) .
3;— = 0 and 3z = 0. So, if the second principal stress

og varies with y, then wlth constant shear stress,

tan @ mnust z2zlso vary with y. If eangle o 1s assumed
congtant, the stress oy must then also be put down con-

stant. The assumptions fer o and 05 are treated in
the followlng section.

2. The Fundamental Assumptions for

the Incomplete Tenslon Bay

Like Wagner'!s ideal tension bay, the incomplete ten-
slon bey 1s an auxillary concept. The complicated stress
and deformation processes immediately after buckling of
the sheet are to be amalyzed by a method which rests on
slmple premises and is adaptable to the actual behavior of
the panel by introducing sultadbly chosen index values or
foetors.

The auxlilliary concept of 1deal tenslon bay is first
extended to lnclude the "complete" tension bay. The con-
cept of uniform stress and straln condltion is preserved
at which the stress and strain principal axes are every-
where mutually colncldent. But the second principal
stress o5 18, Iln general, not neglected. Its magnitude
1s assumed as independent of the load; we put 1t down at

Og = O2xe 7For curved metal panels the wrinkling 1ls as-

sumed to be given by its maximum value of Ly = - ¢18/24
and lndependent of the load.

The concept of "incomplete" tenslon bay premises a
nonuniform distribution of the normel atress o, acting
in the sections at right angles to axis x (fig. 1). 1In
the mliddle of the penel between the stringers (fig. 4),
tho stress condition is, as iIn the tension bay theory,
promlsed on an angle of tho principsel axis op and on a

socond prineclpal stress Op,; this gives, according to
(6)y a normal stress oy, in the middle of the panel.
But at the fixation points of the skin thls stress is con-
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sldored as pnréicipating with the stringers and the normal
stress Op = Opy7, A8 computed from the comprossive and

bondlng stresses by the latter. Thus tho width of the
skin by which it touches the stringer is counted as part
of the stringer (fig. 7). In the parts of tho bay botween
centor and stringers the normal stross o, is to follow

the stross dlstridbution law:

Op = Opg = (Opp = Opy) sin/? (%f) . (6)

At panel center y = O, Oop = Opm: for w = 0.6 the

distridution curve is a simple sinusoidal wave. For sim-
Ple compresslive stress this distribution law i1s suggested
by Lahde and Wagner!s measurements (reference 6). The ex-
ponent w 1s the factor for the stress distridution in
the lncomplete tension bday.

As the load lnereases the stress dlstributlion ap-
proaches that of the complete tenslon bay; according to
flgure 7, thils process corresponds to a decrease of w
toward zero. The principal stress o5, 1in panel center

i1s assumed as Opy = Opyx., 80 that, according to (5):

Onm = T cot ay + Opk

In curved panels the wrinkling Ly ie conpidered depend-—

ent on the degree to which the buckling load is exceeded.
The wrinkling Qy is the index value for the geometrical

deformatlon of curved tension panels.

Fow, the calculatlon is materially simplifled if the
strain in the incomplete tension bay 1s assumed uniform
end the princinal axes of stress and strain as being coin-
cldents But to do so is to apsume the direction angles «
of the stress principal axes as everywhere the mame. As
already stated under III, 1, the possibility of a scheme
compatible with the fundamental equations of the plane
stress condition with equal shear stress T at every
point, is predicated on the assumption of equal principal
axes angles o and equal stresses at every polnt. That
is to say, after introducing the assumption of a homogene-
ous state of stralmn and colneliding principal axes of stress
and strain, the nonuniformly distributed stresses must be
replaced by mean values.
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The mean normal stress value On over the ordinate
between y =0 and y = b,/2 is:

: : . b/2

2 1/w (T

Unm ) (Gnm - nL) rl f gin ('-5“9 dy
[o]

¥ith X = wy/b,, we have:
b, /2 n/2

2. [ iy _2 1/ _
b “/ sin (:f) dy = ~ U/n sin X dx = J(w)
) (<]

(o]

On

For values of 1l/w = m, which are whole numbers and divis-
1ble by 2, the integral J(w) follows from the relation
(reference 13):

n/2 :
= 2 ' m - 2 _. ml .
J(w) = . / sin® ¥ dx = > (2_1_53 (7a)
L4 2 []
) o
If m 1s not divigible by 2, the formula
8
J = 2 gin® ¥ dx = 2 ' (7p)
(w) w ™ m} .

(o]

‘should be employed. For small values of w the calcula~
tion may be limited to the whole numbered values of m

and the rest interpolated. For higher values (say, for
1/w %between 1 and 2), Gauss' II-funetion must be resorted
to. Filgure 8 gives the curve of the integral J(w) for

w=20 'bo w=0.5.
Accordingly, the mean normal stress value o, 1s8:

a; = Oy = (Opp - th) 7 (w) (8a)

Introducing a mean principal axis ‘angle a, equation
(6) results in: on = T cot a + oy and assuming Ogy =
o2, _

gy = (T cot ap + o5y ) (1 - J(w)) + Op, T (w)

To simplify further calculations, we write ap ~ a. The
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error introduced can be assessed and if necessary, elimi-
-nated by successive approximation. With ap ~a :

.En =' (7 cot a +'O'2k) (1 - J(w)) + 0-1_":' 'T(CD)

and (8b)

Op = cak (1 - J(w)) + kan - T cgt a) J(w)

The ocalculatlion of angle a and of stress op; Te—

quires an analysls of the stress and strain condition of the
whole shell. -

3. Calculation of the Stresses and Strains

a) Stiffener gtregsgeg.~ If 8 1s the skin thickness,

F;, the cross-sectional area of one stringer (inclusive of

supporting skin strip), P the external normal load for
one panel, and o0y the '‘stringer stress, the mean normal

stress o 1is defined by:

(positive if tensile stress)

snFL"'blﬂ
The mean astress Oy 1in the stringer follows from the equil-
librium of the internal and external forces in a bay as?

O'x.FL'F.b; Ga'-n=0'(]’]:,+b1 8)
which, with the abbreviation 8 = b, s/F1, becomes:

Oy = 0 (1L + 8) - 8 O _(9)

X

The normal stress op7y, in the skin across the stringers
s composed of the bending and the normal stress P
Op + Oxs Then (9) eubstituted in (8a) for 0,, followed
by solutlon for o, glves: '

_ o1+ 8) (1 - J(@)) & J(w)
o = T3 % T (o) =~ 8 Onm 7773 T (w) N T () i
1~J
(w)

which, with the abbreviation R = finally gives:

1T+ 8 J(y)
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0x =0 (1 +8RB) =80y, B~ 057 (L=R) (9a)

The stringer stresses in consequence depend on the bending
moments (acting in the radial plane). This relationship
was confirmed in torsion tests with relnforced cilrecular
cylindrical shells (references 4, and others). With equal
bulkhead spacing a, the mean value of the bending moment
between the bunlkheads becomes zero, and the mean valus of
the normal stress oy becomes:

Ox =0 (L+ 8R) -8R (T cot o + o25) (9%)

In the longitudinal section perpendicular to the bulk-
heads (cross—sectional area Fy. stress Oy spacing a)

the sum of the internel forces must be gero, whence

6, = - 885, (10)

For brevity, we introduce: Y = &8,

b) The mean principal stresses 0, and JFg and the
. theorems for components of strain.—~ The mean value of the
normal stress o, in the whole bay follows from (9) and
(9b) as:

- c(l + 8) - 0.
Op = . X = g (L ~R)+ R (7 cot @ + Op)  (11)

The factor R contalng the quantity &8 = b; f%.

which is a function of the dimensions of the structure. It
is therefore not sultable to characterlige 1ln general the
stress dlstrlbution in a metal panel stressed beyond the
buckling limit.

From (5) follows:
G = gn + T tan a = 0 (1 - R) -

+ R (T cot atapyr) + T tan «

furth
urther # (12)

Gr=01~-T cot a=(1-R)(0~T cot a)+T tan a+R Opk
and
§a =0n+0r—0, =0n-T cot a=(1~R)(0~T cot a)+R Oy
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Ads in the foregolng formulas, the angles a are
still unknown, the assumption of equlaxiality of stress and
"8trein conditlion must be introduced and the angle o = a!
computed according to (3). This requires the components
of strain ¢, €y, and ey. If o = 1/m denotes Polsson's

ratio, we have!

.e=—;-(5-1—v53) - ' (135)

By virtue of the homogenelty of the state of strain,
the strain €y 18 equal to the siringer strailn

a.

€x = if (13b)

The straln €y comprises the bulkhead straln due to the
stress oy = - Y 0, and a share allowlng for the mean de-

flection of the stringers. In curved panels this is sup-~
plemented by the wrinkling Ly. Under the assumption of

equal bulkhead spacings a, the mean deflection under the
longitudinal load p 1is: £, = p a%/720 EJ. In the case

of curved panel with inside reinforcement, we must put

P =0r 8@ (p = angle at center between two stiffeners) and
J = J; (moment of inertia.of stiffener section about axils
of center of gravity parallel to axis y); the share of

the strain €y eamounts to - ;ﬁ, because the stiffener

deflects 1n the radial plane. On the other hand, 1f the
stiffener 1s at the edge, them p = Op 8 and J = J1!

(moment of inertia about axis perpendicular to shell tan-
gent); the share of the strain is f;/b. With the abbre-

8 ¢ at s @ a*
s = ¢ :
720 rg 97 =% ™ T 70w apr T '°

viations ki =
a
if the bay lles inside and
0.
r
ey=--('\!+ul.+'5~|c,_)-],.,—+§y

if on the edge.

Ky and Kyp + %? are, for short, written as K.
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In the case of pure tensile stress, € = €y and in
pure compresslve stress, € = €y as stated under III, 1.

In both cases the ring stress disappears and the initial
stresses between bulkheads and skin are left out of con-
slderation. 1In pure tension (because tan o = O) we have

Gg = 0p = 0 and € = 0;/E. The component T cot a—»0 +
R
l-1R

Op = O. Assuming further R = 0 (that 18, J(y,) = 1)
then G, =0p = 0y = 0 and consequently, € = €x. The
assumption for R 1s necessary because the shell does
not buckle under pure tension, In pure compresslonm

T cot @ = 0O and consequently, Oy = Ope For T =0 and

Opyxs when T—>0 and o —»0, as follows from.

a = n/2, it follows from o0, = Op = 0, that T tan c—>
-[(1 -R)oc +ROgx]. In order that € - ¢ =0 in
pure compression, wo must havo gy ==V ca/E. However,

these.assumptiones cover only the conditlons in curved pan-
els; in stralght panels the considoratlons are different
(reference 5).

c) The formulas for the angle of princival axlg and
the shearing straeiln.- In order to formulate (3) for

€ - ¢
8 a, we lmsert E/0,, 1in the fraction ——F* and

tan e

introduce the abbreviations & = T/o,, and M = o/op, .
Then we put tan® « = Z/N, wherein :

Z = (% cot a~N) (R (1+8~v) + v) + & tan @ + R (1+8-v)
and .
N =49 cot o« [R -~ (1-R) (Y+K~v)]

+ 9 tan a (1+Y+k) + N (1-R) (l=v+Y+k)

+ R (1-v+Y+Kk) + B Ly/cak (14)
According to (4)

Yey = EﬁN Oor/E (15)

The previously treated case of pure shear is obtained when
N = 0. This formula differs from the one given previously
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(reference 4, and others) by the consideration of the trans~
verse-sirain-due to.stress -gg and by the modified formula
for the tranasverse stress o,. It should also be borne in
mind that the 9 values become negative because ooy = =

Tos

If J(yw) and ty are known for theJloading condl-

1 -
tions 4 and 1, we determine R = 173 ?(w) and com-
pute angle o from (14) by trial. .The shearing strain
Yxy 18 computed from (15) with the defined values of 2

and N, end the stiffener stresses determining the shell
strength from (9) to (12).- )

At the buckling point in pure shear, we have .7 = O
and & = - 1, It 1s resdily seen that (14) must be sat-
1sfied with tdun o = 1, We have Z = N = - (1 + v). Then
(15) gives: : .

o4 2 (L+v) 79 _To

Y
xy B G

and so establighes the connection with the conventional
elastlcity equation.

The calculation of incomplete tension bays is accord-
ingly possible when the factors Ly and w are experi-
mentally obtained in their relation to the locading condi-
tion,

4, Tho Index Valuos of the Incomplote Tenslion Bay

Tho factor w concerns, as statod undor III, 2, the
digtribution of the normal stresscs o over the width of
tho bay. It 1s thorefore important for flat as well as
for curved metal bays and 1s of significance in all the
conditions of londing for a buckled skin which have bean
troeted hore. In pure shear and in combined stress
W —>p0, J(w)——»o, and R —>»]1 with tho a.pprqa.ch to the

complete tension bay by increasing load. R assumes an
indeterminate form at the buckling point. In the case of
a pure compressive load, the assumption that the second
principel stress op, &at panel center retains the criti-

cal value . 0gr Iindependent of further loading, does not
exactly hold true; this stress rather increases (reference
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5) and J(w)' and consequently w, &are under the assump-
tion of constant prineclpal stress opoyp greater than cor-

responds to the actual- stress dlstrlbution. A relation
exigts botween the apparent width b~ end the factor R.
For ’

P=0F, (L+8) =06y, (Fp, + by 8) =G ¥, + 0 8 Fy

end nfter insertion of (9b):

[c(1+aB)~GR_cr2k] [1+6-:#-'1’]=a(1+6)

o
which with the abbreviation. N = z=— and solution for R

2k
glves: 1 _bg .
B = 5 E T by e ' (16a)
1+ g8
The solution for by/b, gives:
bp . N =R (N -1) (16)

Pr 5 R (M - 1) + 1

Thus for M = 1 (0 = On,) the bay is fully supporting and

the corresponding velue R becomes indeterminate and must
be extrapolated from test data or else arrived at from
theoretical considerations. Given the apparent wldth from
test data or theoretical formulas, the relation (l6a) al-
lows 1n the case of pure compression a determlnation of R
and consequently of J(w) and w.

The factor §y concerns only curved metal panels and

i1ts practical importance 1sg limited to the case of pure or
superposed shear stress. The magnltude of §y aporoaches

wlith increasing load the limiting value = ¢13/24 asymp-

totically; the law of this lncrease must be declded by
experiment. It is probable that in pure and superposed
shear the wrinkling 1s solely dependent on the magnltude
of the shearing gtralng present.

For pure and superposed shoar the faclors gy and W

are obtalned from shear-compresslon tosts on metal panels
in which the strains %Yy end the stresses G, corre-
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_sponding to the applied stresses ¢ and T must be meas-
..—ured. From (9b) followss & ..

1 - ag . - B - e e

— . . o -
.O.I -0 = U:; n (170.)
8 [0 - T tan o - Opil 8 (N =9 cot o~ 1)

On the othor hand, from (4) follows:
By '
Z=E(€—€z)/0'2k='§'-o.—zztu.nm
2k
and, aftor solution for R (ecf. (14) and (19b):

3(tan oty cot a) + N(1-v) - (E¥+§ E Ypy tan a)/ 0oy

R = =
(1-v) (N-? cot a-1)
. (17b)
Equating (17a) and (17b) gives an quadratic equa-—
tion for tan o:
ay, tan® o + b, tan a + ¢, = O (18)

with the abbreviagtions:

b,

M (L=-v) (1+8)-0g (1L-v+ 8) o

cl=6‘o'|,

The solution gives angle & from the measured values of
0, and Yey: efter which R 1s computed from (17a) and

x
J(w) from JT(wy = E—%—%—%. The wrinkling gy is ob~

tained from
§ == (€ = €g)/0gp =% B Yyy cot afopx
with consideration of (l4) as:
ty = % ¥zy cot @ = [¢ cot a (B-(1-R) (Y+K-v)

+ 9 tan o (1+Y+K) + N (1=R) (l-D+Y+K)

+ B (1=-0+Y+Kk)] 0p/B (19)
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The differences of stress in (1l7a) and those of strain
in (19) 1n the immediate vicinity of the buckling noint
leave some doubt on account of the smallness of the stress-
es. In thlis range it secems desirable to supplement the
tests by a theoretical analysls by means of energy methods;
this would also bring some clearness conceraning the most
practical assumption for the principal stress o, 1n
panel center.

5 Determination of .Stress Distribution Factor w

from the Test Data by Wagner and Lahde

The shear-compression tests by Wagner and Lahde (ref-
eronco 3) with buckled panels under various stress condi-
tions constitutc the only experiments till now which af-
ford somo 1lnslght into the relatlon betweon factor w and
tho load. Thoso tosts werc made on panels with very
satrong stringzers, soc that approximatoly 8 ~0 and o ~ Ox»
whilo the elongation perpendlicular to the direection
of comprossion was largily rostrainod (Y = k = 0; ly = 0).
Hovortholoss, thoir findings aro also applicablo to more
gonoral cesos,

For constent load ratlos % = A, tho tosts for shopts

of diffeoront thicknoss discloscd & linonr decroase of the
T
quotliont =—=—— with dpcroasing squaro root of the reclp-

B xy T o
rocnl stross retio % = k = k: thet 18,

s - o= ), - ora] [ /E3]

whoro (E%L;) 15 tho oxtromo valuo of this quotiont for

% = 0, But ﬂ;} = 0 for % = 0; that 18, the case of
the 1deel tenslon bay. There we filnd for ey =0 : tan® Gy
= 1 %= sin a, co d T = L =

T z 008 Gg &1 Iy, " 2F tan ag €

coa® a./2.

To insure continuity with the elastic condition in
the ejaluation of the tests at the buckling point, 1t 1s
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necessary to take the transverse elongation due to the
crughing: “=:(€y) -into-consideration at the buckling

point. Upon reachling the complete tension bay thls sgtraln
is neglected. For this reason, we put €y = - v t:,jl?f
With thils value, formulas (4) and (12) give for BR:

N[i-v (1~ J1/¢) )] + &(ten atv cot.a) = EYyy oot a/205y
(1=v) (N=9 cot a-1) '

(17¢)
Equating (17b) and (17c¢c) gives for Oy ~ o8

cot 2a = A (1 + v /-%) E;;,' (19)

g - 5%,
T T
B8

with A =

As R ~ 1 « J(w)' tranaformation of
(17b) give

A= (tan o + cot a)=(lwv) Ony/T + % EYyy tan a/T
J(w) = (1=v) (A = cot a = O21/T) '

(20)

Melking use of the lingar relationship between T
. xy

and /%, ve compute from (19) the angle a for all de-
formation conditions as well as the factor J(w) from

(20), not forgetting that ——k (N - ,/ ¥ 4)/2¢, ac-
cording to equation (2).

Filgure 9 shows the factors - J(Q). plotted agalnst

J % for load ratiosr-A = 0, A = 0.6, A = 1.2 and,
A = o, The curve of A = o 1g.computed according to the

formule:
. - s .
o 1
. ~ LT
'b1=.\/af .J'E
ebtablished by Marguerre (reference 5) for the apparent
width with pure compressive stress. The curves for all

loading conditions could, as 1is soen, be satisfactorily
approximpgted by ono single curve.




20 N.A.C.A. Technical Memorandum Ho. 831

The stress distribution factor W for all Nsg 1is
sufficlently exactly obtainable from the formula:

w = (%)9/3 (21)

If the values of 1/t are small, the formula i1s in good
agreement with the test data; by greater values 1t remains
on the safe side.

Translation by J. Vanler,
Xational Advisory Committes
for Aeroncutics.
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Table of Formulas for the Critical Buckling Stress of Plates and Shells Under Simple Stresses

radius of curvature; v = 1

8, wall thickness; r, me TFoisson's ratio
-Unstiffened circular
Stress Flat plates and sirips Curved plates and strips cylindrical shells
Bl zew o R ' Criticaii_ R
,‘_ = - - veoo T uy, compressive stress
Criticql L : E' 20 L AU —-’_)*_ R aTt o 'E s
s\2 o B =" —— . —
comprenive stress a,,__k w(_‘b") Redshaw's formula - - | E for ¥3. 1=t r .
" All sides supported o - ' ! o l>61, 5
. — e — o= 16 1T iz 00— (I n_s)""-i" ﬁ)’ | ' '
Compres-{. /b | 04 | 06 | 1.0 1418 |24]30| o o=l { 73 P T T Effect of initisl
sion | K |692[423]320{368(332]340(329(329 - eaq buckling, etc.
All sides clamped Edges countgd as supported allowed for
afb| 1 _2_'3|oo
k|77]67

' Shear _

Ean

Critical shear stress —klEv,(

:)”';

" A1l edges supported

ab [ 1,0]12[1,4]1,6]18|20(25]30

| o

" & |1,75)8,686,00|5,76|5,69| 5,43| 5,18
R All edges clamped
g 1] 2] oo,
k. [127! 95| 74

5,02| 44

Y S

e 4

4 I .’&)%... ._

—-———

T

Critical shear streés |

| = V it (—’;—)’.LL a3

T = 4,85 E (s/b)?
. R ' s 2
=01 Eslr+50 E (1) :
Edges counted as supportéd

with

==
Y » IW;?
/- !\,A ’
for l7r<5 | :
rk—OlEs/r+50E(l)

(Wagner-Ballerstedt

formula)
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